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Superconducting junctions perturbed by environmental fluctuation
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A superconducting junctions device is investigated in the case of the environmental perturbation. It is found
that a net voltage can be produced, whose absolute value represents a phenomenon of resonance versus the
additive noise strength, and may be negative, positive, and zero. By controlling the correlation between the
additive and multiplicative noises, a reversal for the net voltage can be induced. The dc voltage versus the dc
current is studied. It is shown that~1! with increasing the additive noise strength, the curve of the dc voltage
versus the dc current is nearer and nearer to the one for the Ohmic theorem;~2! the behavior of the dc voltage
versus the dc current can be manipulated by controlling the noise’s strengths. In addition, we study the mean
first passage time~MFPT! for the electron pair over a period of the potential, and find that the transition rate
~i.e., inverse of the MFPT! can be suppressed by the positive correlations between the additive and multipli-
cative noises and show a minimum as the function of the noise’s strengths.
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I. INTRODUCTION

Recently, there has been an increasing interest in stud
the net voltage@1,2# ~i.e., a nonzero dc voltage with a zero d
current! and the dc current-voltage characteristcs@3,4# in Jo-
sephson junction~superconducting junction! with noises. It
is reported that the asymmetric noise can produce net vol
@1,2#, and dc voltage rectification@3,4#. We have showed tha
the correlated symmetric noise can also produce a net v
age @2,5#, which stems from a symmetry breaking of th
system induced by the correlation between the additive
multiplicative noises.

However, all of the above work was focused on the sin
Josephson junction. In Ref.@6#, Zapataet al., investigated
the dc current-voltage characteristics for an asymmetric
device with three Josephson junctions~depicted in Fig. 1!
threaded by a magnetic flux and driven by periodic sig
and additive noises. But they did not consider the case in
presence of the additive and multiplicative noises, especi
the case when the additive and multiplicative noises are
related. In this paper, we will study the net voltage, the
current-voltage characteristics, and the mean first pas
time for this device in the case of the environmental pert
bation, together with the thermal fluctuation.~The environ-
mental perturbation can be described by the multiplicat
noises in the Langevin equation@7–9#, and the thermal fluc-
tuation by the additive Gaussian white noise@10#.!

We focus on this device~to see Fig. 1! formed by Joseph-
son junctions whose phase is a classical variable and w
can be adequately described by the ‘‘resistively shunted ju
tion’’ model @11,12#. Thus, the phasef i across Josephso
junction i on the left arm obeys the equation (i 51,2)

I l~ t !5Jisin~f i !1
\

2eRi
ḟ i1

\Ci

2e
f̈ i , ~1!

where I l(t) is the current through the left arm, andRi ,Ci ,
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andJi are the resistance, capacitance, and critical curren
junction i. For simplicity, we assume here that the two jun
tions in series are identical. We takeC15C252Cl , R1
5R25Rl /2, andJ15J25Jl . The total voltage drop acros
the two junctions isV5V11V2, where Vi5(\/2e)ḟ i . If
f1(t) is a solution for the first junction, thenf2(t)5f1(t)
5f l(t)/2 is also a solution for the second junction@13#. This
implies V5ḟ l\/2e with f l satisfying the equation,

I l~ t !5Jlsin~f l /2!1
\

2eRl
ḟ l1

\Cl

2e
f̈ l . ~2!

Hence, a series of two identical Josephson junctions can
described by the same equation as a single junction, with

FIG. 1. The three-Josephson-junction device.
©2003 The American Physical Society10-1
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only difference that in the sine function: the argume
f/2 (f5f l) occurs@14#. On the right arm, the phase acro
the single junction obeys an equation that reads as in Eq~1!
with the labelsl and i replaced byr. In the following, we
assume that each Josephson link operates in the overda
limit, (2e/\)JaRa

2Ca!1 (a5 l ,r ), so that the capacitive
terms can be neglected in Eq.~2! as well as in its right arm
counterpart@12,15#.

The total current through the device isI (t)5I l(t)
1I r(t), which is marked in Fig. 1. In the limit, where th
total loop inductanceL5Ll1Lr are uLI (t)u!F05h/(2e),
the total magnetic fluxF is approximately the external flu
Fe . Then, the phase around the loop yieldsf l2f r52fe
12pn with fe52pFe /F0. So the phase satisfies the equ
tion

\

eR
ḟ52Jlsin

f

2
2Jrsin~f1fe!1I ~ t !, ~3!

in which f5f l .

II. THE MODEL AND ITS FOKKER-PLANCK EQUATION

In the case of the environmental perturbation, such as
external vibration, the change of the external temperat
the perturbation of the external electromagnetic fields, an
on, the internal structure of the Josephson junction sho
change. In general, the change is very small. But when
environmental perturbation becomes larger and larger,
change will become clearer and clearer. The change of
internal structure of the Josephson junction will vary t
critical electric current. Now we describe these fluctuatio
by stochastic external parametersJl1s1j1

(0)(t) and Jr

1s2j2
(0)(t), in which j1

(0)(t) andj2
(0)(t) are assumed to b

the stochastic forces of the Gaussian white noise,s1 ands2
are positive constants. On the other hand, the stochastic
ing current is taken to be the thermal Gaussian white no
I (t)5h0(t). Then, Eq.~3! becomes@2,4,5#

\

eR
ḟ52@Jl1s1j1

(0)~ t !#sin
f

2
2@Jr1s2j2

(0)~ t !#sin~f1fe!

1h0~ t !, ~4!

where the noisesj1
(0)(t), j2

(0)(t), and h0(t) have zero
mean, and autocorrelation functionŝj1

(0)(t)j1
(0)(t8)& f

52D1d(t2t8), ^j2
(0)(t)j2

(0)(t8)& f52D2d(t2t8), and
^h (0)(t)h (0)(t8)& f52Dd(t2t8) (^& f denotes the averag
over noise!. The multiplicative noisesj1

(0)(t) and j2
(0)(t),

and the additive noiseh0(t) in this three-superconducting
junction device come from the external environmen
perturbation and the thermal fluctuation, respective
However, they are not independent but related to e
other, since the environmental perturbation can also l
to a change of the thermal vibration of molecules
the Josephson junction. Thus, we should consider the co
lations between the additive and multiplicative nois
and assume that their correlation functions are ta
to be the simple relations@2,4,5#, ^h0(t)j1

(0)(t8)& f
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52l1ADD1d(t2t8), ^h0(t)j2
(0)(t8)& f52l2ADD2d~t2t8!,

and ^j1
(0)(t)j2

(0)(t8)& f50, with 21<l1<1 and 21<l2

<1 indicating the strengths of the correlations. Equation~4!
can be rewritten as

ḟ5 f ~f!2j1~ t !sin~f/2!2j2~ t !sin~f1fe!1h~ t !, ~5!

where f (f)52v lsin(f/2)2v rsin(f1fe), v l5eRJl /\,
v r5eRJr /\, j1(t)5(es1R/\)j1

(0)(t), j2(t)5(es2R/
\)j2

(0)(t), andh(t)5(eR/\)h0(t). The Stratonovich inter-
pretation of the stochastic differential equation~5! yields the
Fokker-Planck equation@10,16–18#

] tP~f,t !52]fA~f!P~f,t !1]f
2 B~f!P~f,t !, ~6!

where

A~f!52v lsin~f/2!2v rsin~f1fe!1~D̃1/4!sinf

1 ~D̃2/2!sin@2~f1fe!# 2 ~l1AD̃D̃1/2!cos~f/2!

2 ~l2AD̃D̃2!cos~f1fe!,

and

B~f!5D̃1sin2~f/2!1D̃2sin2~f1fe!1D̃

22l1AD̃D̃1sin~f/2!22l2AD̃D̃2sin~f1fe!

with D̃15(es1R/\)2D1 , D̃25(es2R/\)2D2, and D̃
5(eR/\)2D.

III. THE NET VOLTAGE

The net voltage is given by~for convenience, we make
the calculation in a dimensionless form, and set\/e5s1
5s25R51!

^V~ t !&5^^V~f,t !&f& f

5^^ḟ&f& f

5^^2v rsin~f/2!2v lsinf2j1~ t !sin~f/2!

2j2~ t !sinf& f&f , ~7!

where^&f stands for the average overf. According to the
Novikov theorem@19#, we have

^j1~ t !sin~f/2!& f5~D1/2!cos~f/2!

3@2sin~f/2!1l1AD/D1#,

^j2~ t !sin~f1fe!& f5D2cos~f1fe!

3@2sin~f1fe!1l2AD/D2#.
0-2
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Under periodic boundary conditions, the stationary solut
of Eq. ~6! is @10,18#

Ps~f!5N
eF(f)

B~f!
E

0

4p

df8e2F(f8)2F(4p)u(f2f8). ~8!

Here, F(f)5*0
f@A(f8)/B(f8)#df8, u(f2f8) is the

Heaviside step function andN is a normalized constant.
From Eqs.~7! and ~8!, we obtain

^V&s5 lim
t→`

1

t E0

t

^^V~f,t!&f& fdt

5^A~f!&f

5NE
0

2p

df
A~f!eF(f)

B~f!
E

0

2p

df8e2F(f8)2F(2p)u(f2f8).

~9!

In Fig. 2, we plot the net voltage versus the additive no
strengthD from Eq. ~9! in the dimensionless form@Fig. 2~a!
corresponds to the net voltage versus the additive n
strength for different values of the critical currentJl (Jl
50.3, 0.5, 0.7, and 1, respectively! with Jr51, D15D2
50.3, andl15l250.3; Fig. 2~b! to that for different values
of Jr (Jr50.2, 0.5, 0.7, and 1, respectively! with Jl51, D1
5D250.3, andl15l250.3; Fig. 2~c! to that for different
values ofl1 (l1520.9, 20.5, 0.5, and 0.9, respectively!
with Jl5Jr51, D15D250.3, andl250.3; and Fig. 2~d! to
that for different values ofl2 (l1520.9,20.5, 0.5, and 0.9,
respectively! with Jl5Jr51, D15D250.3, andl150.3#.
From the figures, we can find that the net voltage is a n
monotonic function of the additive noise strength and
absolute value has a clear peak~a manifestation of the phe
nomenon of resonance for the absolute value of the net v
age!, and it may be negative, positive, or zero. In Refs.@2,5#,
we studied the single superconducting junction in the cas
environmental perturbation. It is found that the net voltage
negative. In this paper, we find that for the Josephson ju
tions device the net voltage can be negative, positive
zero. From Figs. 2~c! and 2~d!, we note that a reversal for th
net voltage can be induced by controlling the correlatio
between the additive and multiplicative noises.

Here, we wish to give some explanation for the origin
the net voltage. First, in the absence of the multiplicat
noises, no net voltage can be produced. A nonzero net v
age withj i(t)50 means that only thermal fluctuation is co
verted into work and implies a violation of the second law
thermodynamics. Second, in the presence of multiplica
noises,~1! if the function f (f) is symmetric andl1 ,l2
Þ0, the net voltage can be caused, due to the symm
breaking induced by the correlations between the addi
and multiplicative noises@5#; ~2! if f (f) is asymmetric, even
if l15l250, there is still the nonzero net voltage@5#. Thus,
the correlations between the additive and multiplicat
noises, or the asymmetry off (f) @or the asymmetry of the
potential, which isU(f)52*f f (f8)df8] is ingredient for
producing the net voltage for model~4!. The reason for pro-
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FIG. 2. The net voltage versus the additive noise strength in
dimensionless form. Figure 2~a! corresponds to the net voltage ve
sus the additive noise strength for different values of the criti
current Jl (Jl50.3, 0.5, 0.7, and 1, respectively! with Jr51,
fe5p/2, D15D250.3, andl15l250.3; Fig. 2~b! to that for dif-
ferent valuesJr (Jr50.2, 0.5, 0.7, and 1, respectively! with
Jl51,fe5p/2, D15D250.3, andl15l250.3; the Fig. 2~c! to
that for different valuesl1 (l1520.9, 20.5, 0.5, and 0.9, respec
tively! with Jl5Jr51,fe5p/2, andD15D250.3, andl250.3;
Fig. 2~d! to that for different valuesl2 (l2520.9, 20.5, 0.5, and
0.9, respectively! with Jl5Jr51,fe5p/2, D15D250.3, and
l150.3.
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ducing the net voltage is that the symmetry of the system
broken by the functionf (f), and the correlations betwee
the additive and multiplicative noises. Now the asymme
of the system makes the probability of the fluctuations on
two sides of the potential barrier different, so that a net vo
age arises. The energy in response to the net voltage s
from the noise’s energy.

In addition, the phenomenon of resonance for the abso
value of the net voltage happening here should be analy
In the Figs. 2~a!–2~d!, the additive noise plays twofold roles
On one hand, it stimulates directional motion in response
the asymmetric condition of the system. On the other han
reduces the asymmetry of the system which is the roo
directional motion. The competition of these two seemly o
posite roles makes the curve produce a peak in which a
nomenon of resonance appears for the absolute value o
net voltage.

The dc current-voltage characteristics can be calcula
by Eq.~9! if A(f)1I @now I (t)5h(t)1I ] is used instead of
A(f) in Eq. ~9! „to include the A(f8) in F(f)
5*0

f@A(f8)/B(f8)#df8…. In Figs. 3~a! and 3~b!, we plot
the dc current-voltage characteristics for different values
the additive noise strength in the dimensionless form@Fig.
3~a! corresponds toD51, 0.7, 0.5, and 0.2, and Fig. 3~b! to
D54, 3, 2, and 1~in the figures, the dashed line is plotte
with the Ohmic theorem!#. From these figures, we note th

FIG. 3. The dc voltage versus the dc current in the dimens
less form. Fig. 3~a! corresponds toD50.2, 0.5, 0.7, and 1, and Fig
3~b! to D51, 2, 3, and 4~the diagonal line is plotted by the Ohmi
theorem! with D15D250.3, fe5p/2, l15l250.3, andJl5Jr

51.
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with the increase of the additive noise’s strength, the cu
for the dc voltage versus the dc current is nearer and ne
to the one for the Ohmic theorem. This is the result of la
additive noise or any large perturbation, because in this c
the particle does not ‘‘feel’’ the form of the nonlinear pote
tial and the dependence becomes linear. Now one can
nipulate the behavior of the dc voltage versus the dc cur
by controlling the additive noise’s strength. For example, o
can appropriately adjust the temperature to fit the feature
the dc voltage and the dc current to one’s demands by ta
into account that the thermal additive noise strengthD is
proportional to the temperature.

In addition, further study shows that when the dc curre
is not zero, the absolute value of the dc voltage versus
additive noise strength presents the same phenomeno
resonance as in Figs. 2~a!–2~d!.

IV. THE MEAN FIRST PASSAGE TIME

In this section, we will calculate the mean first passa
time ~MFPT! for a particle~an electron pair! over a period of
the potential. We start with the particle atf50, so the initial
condition isP(f,0)5d(f). The boundary condition for the
reflecting (f50) and absorbing (f54p) boundaries, re-
spectively, are]fP(f,t)uf5050 andP(f,t)uf54p50. Be-

-

FIG. 4. The natural logarithm~ln! of the MFPT versus the ad
ditive noise strength in the dimensionless form for different valu
of l1 @Fig. 4~a!, l1520.9, 20.5, 0.5, and 0.8 withl250.3] and
l2 @Fig. 4~b!, l1520.9, 20.5, 0.5, and 0.8 withl150.3] with
D15D250.3, fe5p/2, andJl5Jr51.
0-4
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low we will calculate the MFPT over a period in the dime
sionless form~for convenience, we set\/e5s15s25R
51!.

The MFPT is defined as@10#

T~f!52E
0

`

t] tG~f,t !dt5E
0

`

G~f,t !dt, ~10!

in which G(f,t) is the probability density for the backwar
Fokker-Planck equation of Eq.~5!. From Eq.~6!, we can get
the backward Fokker-Planck equation for Eq.~5! as

] tG~f,t !5A~f!]fG~f,t !1B~f!]f
2 G~f,t !, ~11!

where

A~f!52v lsin~f/2!2v rsin~f1fe!1~D1/4!sinf

1 ~D2/2!sin@2~f 1 fe!# 2 ~l1ADD1/2!cos~f/2!

2 ~l2ADD2!cos~f1fe!

and

B~f!5D1sin2~f/2!1D2sin2~f1fe!1D

22l1ADD1sin~f/2!22l2ADD2sin~f1fe!.

From Eqs. ~10! and ~11!, we obtain the equation of th
MFPT

A~f!]fT~f!1B~f!]f
2 T~f!521. ~12!
n

s,

e

06111
Here, the reflecting boundary condition is]fT(0)50 and
the absorbing boundary conditionT(4p)50. The MFPT for
the particle over a period that starts atf50 is T5T(0). The
escape rate for a particle over a period isg51/T.

According to Eq.~12!, we investigate the activation o
MFPT as the function of the noise strength for different v
ues of the correlations between the additive and multipli
tive noises. We find that the escape rate~i.e., the reciprocal
value of the MFPT! over a period of the potential can b
suppressed by the positive correlations and show a minim
as the function of the three noise’s strengths. This phen
enon has been reported in Refs.@20,21#. It is called the
‘‘giant suppression of the activation rate’’~GS!. In Figs. 4~a!
and 4~b!, we plot the natural logarithm of the MFPT over
period of the potential versus the additive noise strength
the dimensionless form for different values ofl1 and l2,
respectively. The figures show that the MFPT curves
positive correlation exhibits a peak value~i.e., GS exits!,
while curves for negative correlations do not, and the lar
the correlation is, the higher the peak becomes. Now
positive correlation becomes more suppressive on the ac
tion as the correlation grows, which is exactly the main co
clusion of Ref.@20#. This is because when the correlatio
are positive the instantaneous barrier can be lifted up~the
negative correlations case is just the contrary!.
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